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Background

Definitions
Set partitions

Define I1,, to be the collection of set partitions of

[n] :=={1,2,..., n} into nonempty, unordered parts, and let

M, € I, denote the subset of partitions which contain exactly k
parts.
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Background

Definitions
Set partitions

Define I1,, to be the collection of set partitions of

[n] :=={1,2,..., n} into nonempty, unordered parts, and let

M, € I, denote the subset of partitions which contain exactly k
parts.

We typically denote such a set partition in some standard way in
order to minimize notational mass:
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Definitions
Set partitions

Define I1,, to be the collection of set partitions of

[n] :=={1,2,..., n} into nonempty, unordered parts, and let

M, € I, denote the subset of partitions which contain exactly k
parts.

We typically denote such a set partition in some standard way in
order to minimize notational mass:

™ =69/4/38/1257 € Mo 4.
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Background

Definitions

Set partitions

Define I1,, to be the collection of set partitions of

[n] :=={1,2,..., n} into nonempty, unordered parts, and let

M, € I, denote the subset of partitions which contain exactly k
parts.

We typically denote such a set partition in some standard way in
order to minimize notational mass:

™ =69/4/38/1257 € Mo 4.

Given a set partition 7 € I, x, we define min(7) to be the set of
minimal elements of the parts of 7.

Miceli A, B-Minimal Stirling Numbers



Background

Definitions

Set partitions

Define I1,, to be the collection of set partitions of

[n] :=={1,2,..., n} into nonempty, unordered parts, and let

M, € I, denote the subset of partitions which contain exactly k
parts.

We typically denote such a set partition in some standard way in
order to minimize notational mass:

™ =69/4/38/1257 € Mo 4.

Given a set partition 7 € I, x, we define min(7) to be the set of
minimal elements of the parts of w. For example,

min(69/4/38/1257) = {1,3,4,6}.

Miceli A, B-Minimal Stirling Numbers



Background A, B-Minimal [r], {r + 1}-Minimal {i}-Minimal

Definitions

Stirling numbers of the second kind

Miceli A, B-Minimal Stirling Numbers




Background

Definitions

Stirling numbers of the second kind

Let { Z } denote the Stirling number of the second kind, defined

by the recursive relationship

S S TS S S

with initial conditions { 8 } =1 and { Z } = 0 whenever n < k
or n, k <0.
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Definitions

Stirling numbers of the second kind

Let { Z } denote the Stirling number of the second kind, defined
by the recursive relationship
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Background

Counting Other Collections of Set Partitions

Broder's r-Stirling numbers

{ Z } is the r-Stirling number of the second kind, defined to be

r
the number of set partitions in I, , such that 1,2,...,r arein
distinct parts.
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Counting Other Collections of Set Partitions

Broder's r-Stirling numbers

{ Z } is the r-Stirling number of the second kind, defined to be

r
the number of set partitions in I, , such that 1,2,...,r arein
distinct parts.

We note two facts:

h
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Background

Counting Other Collections of Set Partitions

Broder's r-Stirling numbers

{ Z } is the r-Stirling number of the second kind, defined to be

r
the number of set partitions in I, , such that 1,2,...,r arein
distinct parts.

We note two facts:
© For any set partition m enumerated by { Z } , we must have

[r] € min(x). '
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Background

Counting Other Collections of Set Partitions

Broder's r-Stirling numbers

{ Z } is the r-Stirling number of the second kind, defined to be
r
the number of set partitions in I, , such that 1,2,...,r arein

distinct parts.

We note two facts:
© For any set partition m enumerated by { Z }r, we must have
[r] € min(~).
@ This does not exclude r’ > r from being a minimal element of
a part.
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Background

Counting Other Collections of Set Partitions

x"-Stirling numbers

For a positive integer m, { Z } is an x-Stirling number of the

second kind, defined by the recur?sion

R P Rt

where{g} zland{ Z} =0forn< korn k<0.
m m
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Background

Counting Other Collections of Set Partitions

x"-Stirling numbers

For a positive integer m, { Z } is an x-Stirling number of the
m
second kind, defined by the recursion

n+1 n n
{ k }m:{kfl }m_{—km{k}m7
where{g} zland{Z} =0forn< korn k<0.
m m

From looking at the recursion, we find that these count certain
m-tuples of set partitions, with the restriction that if 7, 7" are
elements of the same tuple, then min(7) = min(7’).
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Background

A Couple of Notes

One statistic that all of these Stirling numbers keep track of is the
number of parts of the set partition.
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Background

A Couple of Notes

One statistic that all of these Stirling numbers keep track of is the

number of parts of the set partition.
n

e However, we can consider B,, = Z{ p } called the n-th

k=0
Bell number.
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A Couple of Notes

One statistic that all of these Stirling numbers keep track of is the

number of parts of the set partition.
n

e However, we can consider B,, = Z{ p } called the n-th

k=0
Bell number.

@ The first few Bell numbers are 1, 1, 2, 5, 15, 52, 203, 877.
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Background

A Couple of Notes

One statistic that all of these Stirling numbers keep track of is the

number of parts of the set partition.
n

e However, we can consider B,, = Z{ p } called the n-th

k=0
Bell number.

@ The first few Bell numbers are 1, 1, 2, 5, 15, 52, 203, 877.

The two generalizations we illustrated implicitly force some
structure on the minimal elements of our parts.

Miceli A, B-Minimal Stirling Numbers



Background A, B-Minimal [r], {r + 1}-Minimal {i}-Minimal

Some “New” Objects

A, B-Minimal Stirling numbers
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A, B-Minimal

Some “New” Objects

A, B-Minimal Stirling numbers

Given nonnegative integers n, k and A, B C [n] such that
AN B = (), we define the following two numbers:

Miceli A, B-Minimal Stirling Numbers




A, B-Minimal

Some “New” Objects
A, B-Minimal Stirling numbers

Given nonnegative integers n, k and A, B C [n] such that
AN B = (), we define the following two numbers:

Sok(A;B) = [{m € Ny | AC min(m); i ¢ min(r) Vi € B},
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Some “New” Objects
A, B-Minimal Stirling numbers

Given nonnegative integers n, k and A, B C [n] such that
AN B = (), we define the following two numbers:

Sok(A;B) = [{m € Ny | AC min(m); i ¢ min(r) Vi € B},
and
B,(A;B) = |{mweN,| AC min(n); i ¢ min(r) Vi € B}|

= > S.k(AB).
k=1
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Some “New” Objects

A, B-Minimal Stirling numbers
Given nonnegative integers n, k and A, B C [n] such that
AN B = (), we define the following two numbers:
Sok(A;B) = [{m € Ny | AC min(m); i ¢ min(r) Vi € B},
and
B,(A;B) = |{mweN,| AC min(n); i ¢ min(r) Vi € B}|
= > S.k(AB).
k=1

We call B,(A; B) the n-th A,B-minimal Bell number of the second
kind.
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Background A, B-Minimal [r], {r + 1}-Minimal {i}-Minimal

Minimal A, B-Stirling Numbers

Relationship to previous examples

Setting S, k(A 0) = Sp k(A) and B,(A; 0) = Bn(A), we note the
following:
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Minimal A, B-Stirling Numbers

Relationship to previous examples

Setting S, k(A 0) = Sp k(A) and B,(A; 0) = Bn(A), we note the
following:

o Sy({1}) = { " } so that B,({1}) = By
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A, B-Minimal

Minimal A, B-Stirling Numbers

Relationship to previous examples

Setting S, k(A 0) = Sp k(A) and B,(A; 0) = Bn(A), we note the
following:

o Sy({1}) = { " } so that B,({1}) = By

o Skl ={ 7 } .
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Minimal A, B-Stirling Numbers

Relationship to previous examples

Setting S, k(A 0) = Sp k(A) and B,(A; 0) = Bn(A), we note the
following:

o Sy({1}) = { " } so that B,({1}) = By

o Skl ={ 7 } .

We now consider two special cases of minimal A, B-Stirling
numbers.
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[r], {r + 1}-Minimal Stirling Numbers

Definition
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[r], {r + 1}-Minimal
[r], {r + 1}-Minimal Stirling Numbers

Definition

The [r], {r + 1}-Minimal Stirling Numbers count exactly those
partitions of [n] such that 1,2,..., r are minimal elements of parts,
but r 4+ 1 is not.
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[r], {r + 1}-Minimal Stirling Numbers

Definition

The [r], {r + 1}-Minimal Stirling Numbers count exactly those
partitions of [n] such that 1,2,..., r are minimal elements of parts,
but r 4+ 1 is not.

Denote these numbers by S, (.
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[r], {r + 1}-Minimal

[r], {r + 1}-Minimal Stirling Numbers

Definition

The [r], {r + 1}-Minimal Stirling Numbers count exactly those
partitions of [n] such that 1,2,..., r are minimal elements of parts,
but r 4+ 1 is not.

Denote these numbers by S, (.

A quick check verifies the following facts.
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[r], {r + 1}-Minimal

[r], {r + 1}-Minimal Stirling Numbers

Definition

The [r], {r + 1}-Minimal Stirling Numbers count exactly those
partitions of [n] such that 1,2,..., r are minimal elements of parts,
but r 4+ 1 is not.

Denote these numbers by S, (.

A quick check verifies the following facts.
@ > i1 Snp = Ba
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[r], {r + 1}-Minimal

[r], {r + 1}-Minimal Stirling Numbers

Definition

The [r], {r + 1}-Minimal Stirling Numbers count exactly those
partitions of [n] such that 1,2,..., r are minimal elements of parts,
but r 4+ 1 is not.

Denote these numbers by S, (.

A quick check verifies the following facts.

Q >V 15k = Bn
Q@ S =1
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[r], {r + 1}-Minimal

[r], {r + 1}-Minimal Stirling Numbers

Definition

The [r], {r + 1}-Minimal Stirling Numbers count exactly those
partitions of [n] such that 1,2,..., r are minimal elements of parts,
but r 4+ 1 is not.

Denote these numbers by S, (.

A quick check verifies the following facts.
Q@ ko1 Snin = Ba
Q@ S =1
o Sn,[n—l] =n-—1
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[r], {r + 1}-Minimal Stirling Numbers

Definition

The [r], {r + 1}-Minimal Stirling Numbers count exactly those
partitions of [n] such that 1,2,..., r are minimal elements of parts,
but r 4+ 1 is not.

Denote these numbers by S, (.

A quick check verifies the following facts.
Q > /15 =B
Q@ Sy =1
Q Sppp-yy=n-1
Q Sz =(n—1)(n-2)
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[r], {r + 1}-Minimal Stirling Numbers

Definition

The [r], {r + 1}-Minimal Stirling Numbers count exactly those
partitions of [n] such that 1,2,..., r are minimal elements of parts,
but r 4+ 1 is not.

Denote these numbers by S, (.

A quick check verifies the following facts.
o 22:1 Sn,[k] = By
Q S, =1
Q Sppp-yy=n-1
Q Sz =(n—1)(n-2)
Q S,y =DBna
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[r], {r + 1}-Minimal Stirling Numbers
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[r], {r + 1}-Minimal

[r], {r + 1}-Minimal Stirling Numbers

A general formula

/

n—r—1 n—r—1 )
For1<r<mn, S,iqn=r Z ( ) )r’Bn_,_l_,-.

i=0
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[r], {r + 1}-Minimal

[r], {r + 1}-Minimal Stirling Numbers

A general formula

/

n—r—1
—r—1\ .
For1<r<mn, S,iqn=r Z (n r )r’Bn_,_l_,-.

i=0

Proof.

Each partition counted by S, |, contains r + 1 in one of the first r
parts, and some 0 </ < n— r — 1 of the elements of
{r+2,...,n} in the first r parts as well, giving the term

re ("7;71) - r' for any fixed i.
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[r], {r + 1}-Minimal

[r], {r + 1}-Minimal Stirling Numbers

A general formula

n—r—1
—r—1\ .
For1<r<mn, S,iqn=r Z (n r )r’Bn_,_l_,-.

- I
i=0

Proof.

Each partition counted by S, |, contains r + 1 in one of the first r
parts, and some 0 </ < n— r — 1 of the elements of
{r+2,...,n} in the first r parts as well, giving the term

r- ("*;*1) - r' for any fixed i. Once we have placed those i
elements, we need to place the remaining n — r — 1 — j elements
into a proper set partition of any size and append it to what we

already have, giving the B,_,_1_; term. ]

<
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[r], {r + 1}-Minimal Stirling Numbers

A couple of things to think about
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[r], {r + 1}-Minimal

[r], {r + 1}-Minimal Stirling Numbers

A couple of things to think about

For0< k<n-—2,

k
S n,[n—k— 1]— n— —1 Z( ) n—k—l)in,;
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[r], {r + 1}-Minimal

[r], {r + 1}-Minimal Stirling Numbers

A couple of things to think about

For0< k<n-—2,

k
S n,[n—k— 1]— n— —1 Z( ) n—k—l)in,;

[[Sn,[r]]]_l = 1 4 0 —4

-3 8 9 0 -5
-1 -8 2r 16 0 -6
|—-33 —-136 9 64 25 0 —7

i=0
[ 1 0 0 0 O 1
-1 1 0 0 0 O
0 -2 1 0 0 O
1 0 -3 1 0 O
1 0
1

H O OO oOoOOoOoOOo
— O OO OO OoOOo
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{i}-Minimal Stirling Numbers

Definition
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{i}-Minimal

{i}-Minimal Stirling Numbers

Definition

The {i}-Minimal Stirling Numbers count exactly those partitions of
[n] such that i is a minimal element of some part, denoted S, (3.
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{i}-Minimal
{i}-Minimal Stirling Numbers
Definition
The {i}-Minimal Stirling Numbers count exactly those partitions of
[n] such that i is a minimal element of some part, denoted S, (3.

A quick check verifies the following facts.
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{i}-Minimal
{i}-Minimal Stirling Numbers
Definition
The {i}-Minimal Stirling Numbers count exactly those partitions of
[n] such that i is a minimal element of some part, denoted S, (3.

A quick check verifies the following facts.

o ZZ:l gn,{k} 7é Bn
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{i}-Minimal
{i}-Minimal Stirling Numbers
Definition
The {i}-Minimal Stirling Numbers count exactly those partitions of
[n] such that i is a minimal element of some part, denoted S, (3.

A quick check verifies the following facts.
© 371 5,k # Bn (but it does involve Bell numbers)
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{i}-Minimal
{i}-Minimal Stirling Numbers
Definition
The {i}-Minimal Stirling Numbers count exactly those partitions of
[n] such that i is a minimal element of some part, denoted S, (3.

A quick check verifies the following facts.
© 371 5,k # Bn (but it does involve Bell numbers)

e §n7{]_} — Bn
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{i}-Minimal

{i}-Minimal Stirling Numbers

Definition
The {i}-Minimal Stirling Numbers count exactly those partitions of
[n] such that i is a minimal element of some part, denoted S, (3.

A quick check verifies the following facts.
© 371 5,k # Bn (but it does involve Bell numbers)
@ 5,1} =B
© S,(m =Bn
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{i}-Minimal
{i}-Minimal Stirling Numbers

Definition

The {i}-Minimal Stirling Numbers count exactly those partitions of
[n] such that i is a minimal element of some part, denoted S, (3.

A quick check verifies the following facts.
© 371 5,k # Bn (but it does involve Bell numbers)

e §n7{]_} — Bn
o Sn,{n} = anl

n
For a positive integer n, Z 3,,7{,(} = Bpy1 — Ba.
k=1
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{i}-Minimal Stirling Numbers

Pattern avoidance in permutations
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Background A, B-Minimal [r], {r + 1}-Minimal

{i}-Minimal Stirling Numbers

Pattern avoidance in permutations

Let 0 = 0102...0, € S, be a permutation of [n].
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{i}-Minimal Stirling Numbers

Pattern avoidance in permutations

Let 0 = 0102...0, € S, be a permutation of [n].

We say that o avoids the pattern 1-32 if there do not exist
1 <i<j<nsuchthat o; < gj41 < 0j. We define

Avl(1-32) = {0 € S, | o avoids 1-32 and 0,1 < 0y, }.
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{i}-Minimal
{i}-Minimal Stirling Numbers
Pattern avoidance in permutations
Let 0 = 0102...0, € S, be a permutation of [n].

We say that o avoids the pattern 1-32 if there do not exist
1 <i<j<nsuchthat o; < gj41 < 0j. We define

Avl(1-32) = {0 € S, | o avoids 1-32 and 0,1 < 0y, }.

For a positive integer n,

> Sk = AV (1-32)].
k=1
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{i}-Minimal Stirling Numbers

A bijection
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{i}-Minimal
{i}-Minimal Stirling Numbers

A bijection

Pick 0 = 0102... 0041 € Av],;(1-32), and think of
0 =515, ...5¢ where each §; is an increasing string with
decreasing minimal elements. Note that 0,41 # 1.
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{i}-Minimal
{i}-Minimal Stirling Numbers

A bijection

Pick 0 = 0102... 0041 € Av],;(1-32), and think of
0 =515, ...5¢ where each §; is an increasing string with
decreasing minimal elements. Note that 0,41 # 1.

For example, if o = 968524137, then S; =9, S, = 68, S35 =5,
54 = 24, and 55 = 137.
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{i}-Minimal
{i}-Minimal Stirling Numbers

A bijection

Pick 0 = 0102... 0041 € Av],;(1-32), and think of
0 =515, ...5¢ where each §; is an increasing string with
decreasing minimal elements. Note that 0,41 # 1.

For example, if o = 968524137, then S; =9, S, = 68, S35 =5,
54 = 24, and 55 = 137.

Case 1: 01 = n+1.
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{i}-Minimal

{i}-Minimal Stirling Numbers

A bijection

Pick 0 = 0102... 0041 € Av],;(1-32), and think of
0 =515, ...5¢ where each §; is an increasing string with
decreasing minimal elements. Note that 0,41 # 1.

For example, if o = 968524137, then S; =9, S, = 68, S35 =5,
54 = 24, and 55 = 137.

Case 1: 01 = n+1.

Remove the n + 1 from o, chop the 1 from the rest of its string,
and place that string in the appropriate place. The number that
followed 1 is the corresponding i.
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{i}-Minimal Stirling Numbers

A bijection

Pick 0 = 0102... 0041 € Av],;(1-32), and think of
0 =515, ...5¢ where each §; is an increasing string with
decreasing minimal elements. Note that 0,41 # 1.

For example, if o = 968524137, then S; =9, S, = 68, S35 =5,
54 = 24, and 55 = 137.

Case 1: 01 = n+1.
Remove the n + 1 from o, chop the 1 from the rest of its string,

and place that string in the appropriate place. The number that
followed 1 is the corresponding i.

o = 968524137 — 68/5/37/24/1
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{i}-Minimal Stirling Numbers

A bijection
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Background A, B-Minimal

{i}-Minimal Stirling Numbers

A bijection

Case 2: 01 #n+ 1.
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{i}-Minimal

{i}-Minimal Stirling Numbers

A bijection

Case 2: g1 #n+1.
Remove the n + 1 and the minimal element of that block is the
corresponding i.
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{i}-Minimal

{i}-Minimal Stirling Numbers

A bijection

Case 2: g1 #n+1.
Remove the n + 1 and the minimal element of that block is the
corresponding i.

o = 689527134 — 68/5/27/134
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{i}-Minimal

{i}-Minimal Stirling Numbers

A bijection

Case 2: g1 #n+1.
Remove the n + 1 and the minimal element of that block is the
corresponding i.

o = 689527134 — 68/5/27/134

1234 2134 2314 3124 3214 2413 4123 4213 3412 4312
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{i}-Minimal

{i}-Minimal Stirling Numbers

A bijection

Case 2: g1 #n+1.
Remove the n + 1 and the minimal element of that block is the
corresponding i.

o = 689527134 — 68/5/27/134

1234 2134 2314 3124 3214 2413 4123 4213 3412 4312

123 2/13 23/1 3/12 3/2/1 2/13 23/1 3/2/1 3/12 3/2/1
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{i}-Minimal Stirling Numbers

A bijection

Case 2: g1 #n+1.
Remove the n + 1 and the minimal element of that block is the
corresponding i.

o = 689527134 — 68/5/27/134

1234 2134 2314 3124 3214 2413 4123 4213 3412 431

123 2/13 23/1 3/12 3/2/1 2/13 23/1 3/2/1 3/12 3/2/1

Miceli A, B-Minimal Stirling Numbers



Background A, B-Minimal [r], {r + 1}-Minimal {i}-Minimal

{i}-Minimal Stirling Numbers

Conjectures
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{i}-Minimal Stirling Numbers

Conjectures

For postive n, 3,,7{;} =|{o € Av3+1(1-32) |ont1 =n+2—i}].
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{i}-Minimal Stirling Numbers

Conjectures

For postive n, 3,,7{;} =|{o € AVI+1(1-32) |ont1 =n+2—i}].

For postive n, 3,,’{,-} = |{o € Avp+1(1-23) |opy1 = n+1—i}|.
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The End

Thanks for listening!
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The End

Thanks for listening!
Questions?
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