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Erratum from PP 2017

» “If € is a monotone grid class whose corresponding cell
graph is a forest, then the growth rate of the
centrosymmetric permutations in €, equals the growth
rate of C,,.”

» The proof has a huge flaw, resulting in one direction of
inequality instead of equality.

> k...11is centrosymmetric, and it has a gridding on

N\

N\

but it has no centrosymmetric gridding.



Thresholds of growth rates of classes

(Pantone and Vatter, 2016)
» Pantone and Vatter define & to be the unique positive root
of x> —2x* —x? —x — 1:and & ~ 2.30522.

» They prove that £ is the largest number below which there
are only countably many growth rates (& is the the
threshold of uncountability).
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» A class € is sum-closed if

o,teC = odTedCl.
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A. General result on growth rates of sequences

» Let C be sum-closed, and let €% denote the set of
indecomposable permutations in C.

> LetA(x) = ) [Cn|x™and C(x) = ) [CF|x™.

n=>0 n>1
» Every permutation in € has ®
a unique decomposition as a ¢
sum of indecomposable permu- It ?
tations in C. Therefore, ®
i ®
AlX) = . ¢
X =T o
@
®




A. General result on growth rates of sequences

(See Flajolet and Sedgewick, Sec. V.2.)
Theorem (T, 2018): For i € {1, 2}, let

AW (x) = Z ag)xTL and CW(x) = Z cg)x“
n>l n=l

be formal power series with non-negative real coefficients, with
C'VY(x) having zero constant term, satisfying the relation

1
1 -CW(x)’

/—\m(x)

Let r be the radius of convergence of A!); assume r > 0 and
lim CW(x)>1.1f cg) < c%z) for all n and cg) < c%z) for

X—>T
some n, then gr(ag)) < gr(a%z)).

» Increasing one coefficient of C(x) increases the growth rate
of the coefficients of A(x).



A. General result on growth rates of sequences
(Only one of two cases of the proof is shown here.)

Proof:
1. l

1 — C(z)(x) on [0, 7]

2.




B. Sum-closed classes with growth rate < §

> Let & ~ 2.30522 be the unique positive root of
> 2xt—xF—x—1.
» Pantone and Vatter (2016) completely characterize the

sum-closed classes with growth rate < & by the
enumeration sequence of their indecomposables, i.e.

(1681171, 1e21,...).

sequence restriction growth rate is the greatest real root of

1,1,2,3,4%5,4,17 i<1,j<5 ziHIT2 (25 29;471273:71)711 (mzf:cf\'}) 1
1,1,2,3,4%,5,4,19 ieven, j<1 2 (25 — 224 —12—3:—1)—15’ (m —z-3)+1
1,1,2,3,445,3,3,2 i=1orieven it (g é —2t -2 —x—1)—a*+203 + 2+ 2
1,1,2,3,4%5,3,3,1° i<l i3 (25 —20* —2? —x— 1) —a® + 222 + 2
1,1,2,3,4%,5,3,3,19 i<1 gtHI+3 (5 — 254 — g2 —p 1) —ad (23 — 222 - 2) +1
1,1,2,3,4%5,3,3,19 ieven, j <1 a8 (g5 9t —2? — 2 —1) —a (2® - 222 —2) +1
1,1,2,3,4% 5,39, 2° i=lorieven,j<1 #Hitl(gd 274 2?2 _o-1)—ai(z—2)+1
1,1,2,3,41,5,3,25 1% i<1,j<1 gitIthtl (25 _0pt — g2 — g —1) — gtk (z - 2) + 2k +1
1,1,2,3,4%,5,37, 2’“ ¥ igl,ij<1 gtHITRHEL (45 994 g2 g 1)

— iRt (g 2y p gkt gt 4
1,1,2,3,44,5,37 2% 1€ jeven, j<1,£<1 gtHITRHEEL (45 9% g2 g1

— IRt (g 2) p gkt gt 41
1,1,2,3,4% 3% zt (25 —22% —22 —z—1)+1

1
1,1,2,3,4% 37 2% i (25 — 224 — 2?2 —z—1) +af +1
1,1,2 3,41,31,2k,1°° gtHITE (g5 — 2t —2? —x— 1) +2I TR + 2k 41
1 1 2 3,41"3_1',2}9’1@ m1+j+k+ﬁ ($5—2$4—$2—$—1) +$_j+k+ﬁ+mk+l +:12'€+1

» We explore some other consequences of this work.



B. Sum-closed classes with growth rate < §

Results essentially in Pantone and Vatter, 2016:

» Prop. Every sum-closed € with gr(C) < & has I(‘fi'? | < 5 for
all n, and €& is the largest such number.

> In my proof, the growth-rate theorem is used in the case of
gr(C)| = &.
» Prop. Every sum-closed € with gr(C) < & has a rational
generating function, and £ is the largest such number.

> In contrast, there are uncountably many classes with
growth rate k ~ 2.20577 whose generating functions are not
even D-algebraic (Albert, Ruskuc, and Vatter, 2015).



B. Sum-closed classes with growth rate

Prop. Every sum-closed € with gr(€) <

<&

¢ has IG%I < 5forall n,

and & is the largest such number.

Proof idea:

» Pantone and Vatter have “tapering” results on the
sequence |C%| (for any class C).

» We use these in conjunction with their examples of
potential sequences that lead to growth rate > &:

sequence

growth rate is the greatest real root of

11234“’

777777777

77777777

,,,,,,,
1,1,2,3,4%5,5
1,1,2,3,4%,6,2,1,1
1,1,2,3,4%,6,2,2
1,1,2,3,4%,6,3
1,1,2,3,4%,7,1
1,1,2,3,4*,8

m572m47m27m71

-2t -2 -z -1
witd (o8 — 2% — 22—z — 1) —2t + 223 +3
i t8 (28 — 20 —2? —zx— 1) — 2B + 2" + 328 + 1
ot +3 (2% — 20t — z27171)723+22+2m+2
zit2 (2% —22* — 2 —x— 1) — 22 +5
zitd (g% — 20t — w27:c71)72034+4a:3+w2+1
(=® )
( )
(z° )
(=° )

z

o3 (% —22% — 22 —x — 1) — 223 + 422 4+ 2
ztt+2 (g5 — 224 — :t27:tfl —2z2 +3z+3
2 (g5 —22% — 22 —x— 1) —3z2 + 62+ 1

it (g5 —22% — 22—z — 1

> If the sequence IG%I dominates one of those, then the

growth rate is > €&.



C. Threshold of unbounded indecomposables

What is the smallest possible sum-closed class whose indecomposables
are unbounded?
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C. Threshold of unbounded indecomposables

What is the smallest possible sum-closed class whose indecomposables
are unbounded?
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root of x®> — 3x? + 2x — 1.
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1—C(x)  1—=3x+2x2—x3’
smallest singularity of A(x).

» This is because C(x) = x + SO

A(x) and 1/t is the

» Conjecture. If C is sum-closed and |e§§| is unbounded, then
CE >n—1.
> Conjollary. Every sum-closed € with gr(C) < T has

bounded indecomposables, and T is the largest such
number.
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C. Threshold of unbounded indecomposables

What is the smallest possible sum-closed class whose indecomposables
are exponential?

» Consider C = Av(312,4321,3421).

> |C#| = f, and gr(C _1+\f2 ~ 2.41421,

» This is because C(x) = SO

1—x—x2'

1 T—x—x?
1—C(x):1—27;—x ,and 1/(1+ V2) is the

smallest singularity of A(x).
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» This puts the threshold of exponential indecomposables
between & and 1 + V2.



Further questions

» For each m > 6, what is the largest growth rate below
which the number of indecomposables is < m?

» Is there sum-closed € with ?(G%) strictly between 1 and ¢?

» Does C? always have a proper growth rate?

> The question for €% may be easier than for €, because it
suffices to consider sum-closed C.



